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Is There a Difference Between Aeroacoustics and Aerodynamics?

An Aeroelastician’s Viewpoint
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Nomenclature
speed of sound
undisturbed speed of sound, a.,
specific heat coefficient at constant pressure
strain rate tensor
material time derivative defined in Eq. (33)
%(Uz.j + Uj.[)
material time derivative defined in Eq. (28)
dissipative term vector; Eq. (41)
domain function; Eq. (10)
three-dimensional Fourier transform
fundamental solution for Laplacian; Eq. (7)
fundamental solution for acoustics; Eq. (15)
quasi-potential compressible fundamental solution;
Eq. (35)
quasi-potential subsonic fundamental solution;
Eq. (36)
viscous compressible fundamental solution; Eq. (49)
Heaviside step function
enthalpy
slab thickness
Jacobian of transformation
Ikl
Fourier transform frequency vector
linear operator
Laplace transform
linear operator adjoint of L
characteristic length
undisturbed Mach number, vy, /¢
outward normal to S
Prandtl number, pc, /«
pressure
heat flux vector
ideal gas constant
slab radius

lirl

x—y

expression defined by Eq. (37)
entropy

surface

Laplace transform variable

stress tensor

time

viscous stress tensor

volume

vl

velocity vector

vortical velocity vector; Eq. (39)
location vector

location vector (dummy variable)
angle between k and x; Eq. (66)
(1 _ M2)1/2

circulation

specific heat coefficient ratio, ¢, /c,
vortex-layerintensity
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Dirac delta function

generic near identity

near identity defined by Eq. (50)
n(x) - grad

n(y)- grad,

vorticity vector

time delay due to wave propagation
time delay due to wake convection
temperature
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second viscosity coefficient
first viscosity coefficient
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discontinuity across wake (Af = f, — f)

conductivity coefficient (g = —« grad )
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v = Qu+1)/p
v, = yv/2

£« = curvilinear coordinates

0 = density

o = —divw; Eq. (52)

oo = quasi-potential compressible nonlinear terms
oy = viscous compressible higher-order terms

T = time (dummy variable)

% = velocity potential, that is, v is equal to grad¢
X = wvp-n

¥,(r) = attenuation factor; Eq. (49)

Q = solid angle

) = frequency (oscillatory flows)

[ = potential function for d, that is, d is equal to grad @
Subscripts

A = acoustics

a = air frame of reference

B = boundary surface

c = constant; Eq. (33)

D = discontinuity

F = fluid

M = material

S = slab

TE = trailing edge

w = wake

0 = initial value

1,2 = two sides of wake

o0 = undisturbed value

Superscripts

0 = [ lezio0 .

~ = Laplace transform, that is, f is equal to L f
A~ = Fourier transform, that is, f is equal to F f
v = Prandtl-Glauert space; Eq. (38)

I. Introduction

HE paper addresses commonalities and differences between

aeroacoustics and aerodynamics. For the sake of simplicity,
only exterior flows are considered. In addition, aeroacousticsis un-
derstood in its restricted meaning, that is, acoustics generated by
aerodynamic flows around moving objects, for example, described
by the wave equation for a moving boundary surface.

Even with these limitations, the question is much too broad. In-
deed, the answer is in the eyes of the beholder. It really depends
on whom you ask. For the man on the street, they do not seem to
have anything to do with each other: Acoustics deals with sound
and noise and aerodynamics with the air flow around objects, such
as cars and airplanes. To emphasize how subjective the answer is,
here are some more examples of received replies. For a politician
in the Budget Committee for Scientific Research, there is no differ-
ence whatsoever. He said, “Aerodynamicists and aeroacousticians
are one of akind. They both wantalotof money for something thatto
me appears to be totally irrelevant—and I have more important and
more vocal constituenciesto worry about.” For an informedenviron-
mentalist, aerodynamics and aeroacoustics have a lot in common:
“They are both useful for the environment: aeroacoustics can con-
tribute to community noise abatement, aerodynamics can help with
the reduction of aircraftdrag, and hence of chemical pollution.” For
the chief executive officer of an aeronautical industry, they have
nothing in common: “In aeroacoustics, we want the field noise—in
aerodynamics, the aircraftloads. They definitely belong to different
branches.” On the otherhand, the director of an experimental facility
sees the difference in terms of costs: “Aeroacoustics is much more
expensive. If you want us to take aeroacoustic measurements, we
would have to use the anechoic wind tunnel, and you would have to
pay us more—much, much more.”

One would expect more uniform opinions within the scientific
community. It is not so! For a continuum-mechanicsexpert, there is

noreal differencebetween aeroacousticsand aerodynamicsbecause
they are both governed by the Navier-Stokes equations.On the other
hand, a computational fluid dynamicist said, “Once I have solved
the aerodynamic problem, the aeroacoustic pressure is just a by-
product; at most, I have to utilize a finer mesh and a larger domain.”
You get the opposite view from a traditional aeroacoustician:“Aero-
dynamics is the easy part. It’s just the input to my code.”

The preceding remarks are offered to emphasize that this paper
presents a very personal point of view, that of a theoretical aero-
elastician, who in recent years has been trying to become an aero-
acoustician,whichis,indeed,amuchhardertask thaneverimagined.

What is so different in the point of view of a theoretical aero-
elastician, more precisely in the point of view of someone working
on flutter? First, note that aerodynamicists traditionally see aero-
dynamics as a steady-state phenomenon; for flutter, one needs un-
steady aerodynamics, which is based on wave propagation and,
hence, is closely related to aeroacoustics. Also, in studyingunsteady
aerodynamics,aeroelasticianstypically use boundaryintegral meth-
ods, closelyrelatedto those used in traditionalexterioraeroacoustics
[Ffowcs Williams and Hawkings' equation, Kirchhoff method, (see
Refs. 2 and 3), etc.]. These factors make the author’s background
much closerto theoreticalaeroacousticsthan to present-day aerody-
namics, mostly computational fluid dynamics. Thus, a more specific
question will be addressed: Is there something in common between
exterior aeroacoustics and unsteady aerodynamics, within the con-
text of boundary integral methods?

The reader is assumed to be familiar with aeroacoustics, but not
necessarily with unsteady aerodynamics, in particular, with the is-
sues of potential-flow wakes. Thus, the paper includes a review of
the author’s past work in the field of unsteady aerodynamics, with
reinterpretation in terms of aeroacoustics. Several new results are
included that extend the aerodynamic formulation to aeroacoustics.
The paper is introductory in nature, and hence, the mathematical
levelis keptrelatively simple. Accordingly,the emphasisis on wings
in uniform translation. For the extension to objects in arbitrary mo-
tions, in particular to rotors, see Refs. 4-6.

The paper addresses different types of flows at an increasing
level of complexity because certain issues are more easily exam-
ined within a simpler context, and it is structured as follows. First,
we address some basic concepts of boundary integral methods for
potential incompressible flows (Sec. II); in particular, we introduce
the main theme of this paper: For every boundary integral equation
used to obtain the pressure on the boundary surface (aerodynamic
problem), there existsa correspondingboundaryintegral representa-
tion that may be used to obtain the pressurein the field (aeroacoustic
problem). Then, we consider acoustics(Sec. III), thatis, wave prop-
agation with a boundary surface essentially fixed with respect to the
undisturbed air (as distinct from aeroacoustics, which here refers to
wave propagation for a moving boundary). This allows us to intro-
duce, at a relatively elementary level, certain mathematical issues
related to spurious singular values of the boundary integral equation
for acoustics (fictitious eigenvalue difficulty), as well as the corre-
sponding approaches available to remove the problem (along with
the time-domain extension). Next, we introduce the formulation for
quasi-potential incompressible flows, that is, potential flows with
wakes (Sec. IV), and extend it to quasi-potentialcompressible flows
(Sec. V). Then, we turn to viscous compressible flows, for which
we present an extension of the aerodynamic formulation to aeroa-
coustics. This includes the effects on attenuation and dispersion
of certain linear viscous terms for the velocity potential, typically
neglected in aerodynamics (Sec. VI). Some subtle points of the cor-
responding numerical implementation are discussed for the limited
case of viscous incompressible flows (Sec. VII). A discussionand a
summary are given in Secs. VIII and IX, respectively. Some aspects
are addressed in the Appendices, not because they are deemed less
relevant, but to facilitate reading of the paper. The implications of
incompressible-flow assumptions in aeroacoustics are addressed in
Appendix A, the value of the function E (x) of the boundary surface
is discussed in Appendix B; the fundamental solutions for all of
the problems addressed are given in Appendix C, whereas the dis-
cretization (boundary element method) is outlined in Appendix D.
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Note that we normally use x for space and ¢ for time and that
y and 7 are used as dummy variables. Hence, unless otherwise
stated, all of the spatial differential operators, that is, grad, div,
curl, and V2, are understood with respect to the variable x; simi-
larly, the normal derivative is defined in terms of the variable x, as
d/0n:=n(x) - grad. To denote the normal derivative with respect
to the variabley, we use d/dn, :=n(y) - grad ,, where grad, is the
gradient with respect to the variable y. Throughout the paper, n is
the outward normal to the surface S.

II. Potential Incompressible Flows

Consider an irrotational flow, that is, a flow with zero vorticity
in the whole flowfield. Irrotational flows are potential, that is, there
exists a function ¢ (x), called the velocity potential, such that

v(x) = gradg(x) Vx € Vi) (1)

where v(x) is velocity and Vr the fluid region.
Combining Eq. (1) with the continuity equation for incompress-
ible flows, divv =0, one obtains

Vip=0 (Vx € Vr) 2)
To complete the problem, one needs boundary conditions. We as-
sume the boundary surface Sg, to be impermeable, which implies
v-n=wvg-n. Combining with Eq. (1) yields the following Neu-
mann boundary condition:

d

—¢=X(x) =%vp'n (3)

an
The boundary condition at infinity, in the air frame, that is, a frame
of reference rigidly connected to the undisturbed air, is given by
Vo = 0(r~1), or using Eq. (1),

¢ =o(l) )

The problem defined by Eqs. (2-4) is known as the exterior
Neumann problem for the Laplace equation and has a unique solu-
tion (Kress,” pp. 62-67).

Once the problem has been solved, the pressure p is obtained
from Bernoulli’s theorem (a first integral of the Euler equations),
which in the air frame is given by

i + lv2 + L= F= (5)
ar 2 I I

Note that the original problem is formulated in terms of four
nonlinear differential equations (continuity and Euler equations),
for four unknowns (velocity and pressure), with four independent
variables (space and time). For potential flows, the formulation is
considerably simpler (one linear differential equation for one un-
known); the time dependence and the nonlinearities appear only in
the evaluation of the pressure via Bernoulli’s theorem, where they
appear as a derivative and as an algebraic nonlinearity, respectively.
Note also that, again for potential flows, one solves for the velocity
independently of the pressure: The pressure appears to be “driven”
by the velocity. Moreover, potential flows have no memory.

Next, consider a boundary integral formulation for potential
flows. Boundary integral methods are based on the use of the so-
called fundamental solution G, which, for the Laplace equation, is
defined by

VG =8(x~y) (6)

subject only to the boundary condition G =o(1) at infinity. This
gives (Appendix C.A)

Gx,y) = —1/4nr (7

withr =[x —y|.

Multiplying Eq. (2) by G (x,y) and Eq. (6) by ¢(x), subtracting,
integratingover the fluid volume, using Gauss’s divergencetheorem
(with n being the outward normal) along with Eqgs. (3) and (4),

and interchanging the variables x and y, one obtains the following
boundary integral representation for ¢ (x):

E@)¢x) = _(f (XG -9 E) dS(y) ®)
Sp any

where E(x) =1 forx € V and E (x) = 0 otherwise. In Eq. (8), ¢ (x)
on Sp is not known. However, if x is a smooth point of Sz, one
obtains E (x) = % (Appendix B). [Throughout the paper we assume,
only for the sake of simplicity, that the surface Sp is smooth. In
fact, in the zeroth-order formulation used for the discretization(Ap-
pendix D), the collocation points are at the centers of the elements,
where the surfaceis indeed smooth. The case of a nonsmooth point,
important for the trailing-edge point in the third-order formulation,
is addressed briefly at the end of Appendix B.] Hence,

1 oG
Ew(x) =y§ (XG—¢8—> dS@)
Ss ny

Equations (8) and (9) may be combined by setting

xeSp )

Ex)=1 for xeVyp
= % for xeS8;
=0 for xeR\V, (10)

Contrary to Eq. (8), Eq. (9) is a boundary integral equation, which
relates ¢(x) on S to x(x) = d¢p/dn. Note that this equation is a
constraint on the Cauchy data of the problem, ¢ (x) and y (x), that
must be satisfied by all of the solutions of the Laplace equation.

The solution procedure consists of first solving the boundary in-
tegral equation (9). This gives ¢(x) on Sg; then, one may obtain
the velocity also on Sp [the tangential components from ¢(x) on
Sp, the normal one from Eq. (3)] and, hence, via Bernoulli’s theo-
rem, the pressurestill on Sp (aerodynamicproblem). Then, one may
use the boundary integral representation (8) to obtain ¢(x) in the
field and, hence, via Bernoulli’s theorem, the pressure in the field
(aeroacoustic problem). (A question arises: Does it make sense to
speak of incompressible acoustics? This is addressed in Appendix
A, in which the hypothesesbehind the incompressible-flow assump-
tion in aerodynamics are also discussed.)

Thus, if one were to ask an expert in boundary integral methods
what is the difference between the evaluation of the pressure on
the surface (aerodynamic problem) and that in the field (aeroacous-
tic problem), the reply would be: The same difference that there
is between a boundary integral equation and a boundary integral
representation.

III. Acoustics

In this section, we extend the boundary integral formulation to
classical linear acoustics, that is, we study a potential compressible
flow with a boundary that is essentially fixed with respect to the
undisturbed air. Contrary to the traditional approach, for example,
that of, Colton and Kress® and Pierce,” we discuss the problem
in the time domain, which is more closely related to the physics
of the wave-propagation phenomenon. In particular, we will see
that this approach to the problem does not require the use of the
Sommerfeld condition, which is needed in the frequency-domain
approach (see Refs. 8, pp. 65-69, and 9, pp. 177, 178). Then, to
introduce the fictitious eigenvalue difficulty (a problem connected
to certain spurious singular values of the boundary integral equation
for acoustics), we examine the problem in the Laplace transform
domain and present a proposal for extending a frequency-domain
technique to the time domain to remove the problem.

For consistency,we formulatethe problemin terms of the velocity
potential. Thus, the velocity is still given by Eq. (1), whereas the
pressure is given by the linearized compressible Bernoulli theorem
in the air frame [see Eq. (32) and recall that, for isentropic flows,
dh=dp/p]

PP~ _ 99

P RFY: an
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Classical linear acousticsis governed by the wave equation. [This
is a particular case of Eq. (34) and hence, its derivation is not pre-
sented here.] Thus,

1 9%
Vig——=—=0 12
alcirye (12)
The boundary conditions on Sy and at infinity are again given by
Eqgs. (3) and (4), respectively. In addition, we have the initial con-
ditions

@(x,0) = ¢ (x), P(x, 0) = ¢ (x) (13)

(Note that, for homogeneous initial conditions, the boundary con-
dition at infinity is simply ¢ = 0; indeed, we have ¢ =0 for all x
having a distance from Sy greater that ct [see Eq. (17)].) Intro-
duce the fundamental solution for the wave equation, G ,, which is
defined by

1 9°G,
ViG, — —
AT 2 9

=8(x—y)8(t—1) (14)

with initial conditions G 4(y, 00) = GA (y,00) =0 and boundary
condition G, = o(1) at infinity.
As shown in Appendix C.B, one obtains

Gy=(—1/4nr)8(t —1+7r/c) =Gt —1+6) (15)

with » = ||x —y|| and 6 =r/c, whereas G is given by Eq. (7). Note
that, this expression is obtained without imposing the Sommerfeld
radiation condition, which would be required if we were to operate
in the frequency domain (see Refs. 8 and 9). Note also that the initial
conditions for G 4 are at infinity. This is consistent with the general
theory of boundary integral equations, whereby the fundamental
solution is based on the adjoint operator, Eq. (C9), with boundary-
surface conditions excluded; for example, see Refs. 10 and 11. As
a consequence, G, exhibits an anticausal behavior, as necessary
because of the change in role between the variables ¢ and 7 (to be
discussed).

Multiplying Eq. (12) by G, and Eq. (14) by ¢, subtracting, in-
tegrating over the fluid volume and over ¢ € (0, 00), using Gauss’s
divergence theorem along with Egs. (3) and (4), and interchanging
the variables x and y as well as ¢ and 7, one obtains the boundary
integral representation for the wave equation for z > 0:

0 G
E@)p(x, 1) =/ yg (XGA -9
0o JSp

0
on
1 0 G
—— (—“’ Gi—g A)dV(y)
Vi

A

) dS(y)dr

y

(16)

ot

=0

Using Egs. (13) and (15) [which now reads G4, =G3§(t — t — ),
because of the interchange between ¢ and t], one obtains

6
G a0
Ex)px, 1) = yg [XG - — +¢Ga—} dS(y)
S

on, n,

0
+ = (190) + 19 a7

with superscriptf = subscriptt =¢ — 6 and
1
Pr(x, 1) = — / [ED @ (D)]jx =y =er dR2(y) (18)
4 J,

where 2 is the solid angle for an observer located on x. [For the
simplercaseofx € R3, thatis, in the absence of the boundarysurface,
this reduces to Eq. (VII, 2; 37), in Ref. 12, p. 284.]

Again, in Eq. (17), ¢(x, t) on S is not known. However, if x is a
smooth pointon Sp, we obtain E (x) = % (Appendix B). In this case,
Eq. (17) represents a boundary integral equation for the wave equa-
tion in the time domain. Again, one solves first the boundary integral
equation (17) with x € Sy to obtain ¢(x, ) on Sy and, hence, the

pressure on the boundary (aerodynamic problem). Then, one uses
the boundaryintegral representation[Eq. (17) with x € V] to obtain
¢(x, t) and, hence, the pressure in the field (acoustic problem).

Observe that the mathematicsrepresentthe physicalphenomenon
inanindirectway. To clarify this statement, considerthe sound prop-
agation around a rigid slab, having circular faces with radius equal
to Rs and a small thickness /5. Assume that at time t =0 a point
source centered on one of the two circular faces of the slab begins
to emit sound (with zero initial conditions). Physics tells us that
the sound propagates around the slab and arrives at the center x
of the opposite side at time ¢ = (2Rs + hg)/c. The earlier mathe-
matical formulation [Eq. (17)] arrives at the same result, but in a
very different way. Indeed, the fundamental solution G4 [Eq. (15)]
is spherically symmetric and ignores the presence of the boundary.
Hence, according to Eq. (17), waves arrive at x, at time t = hg/c;
however, they cancel outexactly, as evidenced, at leastfor < Rg/c,
by the fact that E(x) =0 inside Sp. Indeed, the receiving face may
be replaced by a hemispherical surface with radius Rg without af-
fecting the solution. This observation is not presented here just as
a matter of curiosity. It has important implication in the discretized
formulation: In this case, the cancellation is not exact, and hence,
numerical noise (as small as we want, but not zero) arrives at x,, at
time t =hg/c.

As already, mentioned there exists a problem (the fictitiouseigen-
value difficulty), which is well studied in the frequency domain: It
may be shown that in this case there exist certain spurious singu-
lar values (related to the natural frequencies of the corresponding
interior Dirichlet problem) for which the integral equation is sin-
gular (Colton and Kress,® pp. 65-107). To the best of the author’s
knowledge, the problemhas not been addressed for the time-domain
formulation. To do this, it is convenient to operate with the Laplace
transform of the preceding formulation, Egs. (12-16).

Let a tilde denote the Laplace transform:

@(s) = Lp1)] =/ @(1) exp(—st) dr (19)
0

The corresponding equations are simply obtained by taking the
Laplace transform of Egs. (12-17). However, note the way in which
the initial conditions are dealt with in this case. When it is recalled
that L1 = su — u(0) and Eq. (13) is used, the Laplace transform of
the wave equation is the nonhomogeneous Helmholtz equation:

V2G = (52/c))f = —(1/¢*)(spo + ¢1) (20

The boundary condition on S is d¢/dn = x (x) =prescribed,

whereas at infinity we have ¢ = o(1). (Note that the Sommerfeld

radiation condition need not be imposed in this case either.)
Introduce the fundamental solution (N?jg defined by [Eq. (C2)]

V3G — (52 /NG = 8(x —y) (21)

with (N?’/g =o0(1) atinfinity. As shown in Appendix C.B, one obtains
Eq. (C7), that is,

(N?’/g = (—1/4nr)exp(—sr/c) = G exp(—s6) 22)

withr =|lx —ylland 6 =r/c.

Multiplying Eq. (20) by (N?’/g and Eq. (21) by ¢, subtracting, in-
tegrating over the fluid volume, using Gauss’s divergence theorem,
and interchanging the variables x and y, one obtains the boundary
integral representation for the Helmholtz equation:

. aG*
E@x)@(x) =_¢ ()?GZ —¢ 5 A) dS(y)
S ny

1 3
—-= | Gi(sgo+e)dV(y) (23)
c? Vr

which coincides with the Laplace transform of Eq. (16). Again,
¢@(x) is not known on Sp. However, if x is a smooth point of Sg,
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we have E(x) =% (Appendix B). Then, assuming, for simplicity,
homogeneous initial conditions, the boundary integral equation for
the Helmholtz equation is given by

y

1 G a6
Sp) = f ()?G -+ S§5G—> exp(—s6)dS(y) (24)
2 S on, Bny

As anticipated (the fictitious eigenvalue difficulty), Eq. (24) is
singular for s = %+ww,, where w, are the natural frequencies of
the interior Dirichlet problem for the same boundary surface. The
mathematical analysis of the fictitious eigenvaluedifficulty requires
functional-analysis concepts beyond the mathematical level as-
sumed here; see Colton and Kress,® pp. 65-107.

However, a few comments are in order, especially in regard to the
time-domain solution. First, note that, if @ approaches one of the
wy, the solution does not go to infinity because the operator that is
appliedto x () is also singular; this observationis important for the
discretizationbecausein this case the zero on the numerator will oc-
cur for a value of w differentfor that correspondingto the zero on the
denominator, and we do not have exact cancellation of the two ze-
ros. Also, two methods, the composite Helmholtz integral equation
formulation (CHIEF)"? and the composite outward normal deriva-
tive overlap relation (CONDOR ) are typically used to remedy the
problem. CHIEF is a numerical technique [to be used in conjunction
with boundary-elementcollocation methods (Appendix D)], which
consists of using additional collocation points located in the interior
domain by exploiting the fact that there we have E(x) =0. How-
ever, the method fails if the additional control points happen to be
located on the nodal surface of the eigenfunction corresponding to
the given frequency. This is particularly bothersome if the method
is used in conjunction with an optimization code, which performs
a repeated sequence of operations without human intervention (see
the end of Sec. VIII).

Thus, we concentrate on the CONDOR method. This is a theo-
retical method, that is, for the nondiscretized operator, and consists
of the following. Consider a linear combination of Eq. (24) with
the differentiated boundary integral equation, that is, the equation
obtained as the limit of the normal derivative of the corresponding
boundary integral representation. The coefficients to be used in the
linear combination are 1) 1 for Eq. (24) and 2) un [with ns; > 0,
with s; =Im(s)] for the differentiated boundary integral equation.
The resulting boundary integral equation has a unique solution for
Re(s) > 0 becausethe spurioussingularvalues are now off the imag-
inary axis. [For details see Colton and Kress,® pp. 103, 104. Note
that in Eq. (3.3) of Colton and Kress® the condition is Im(k) > 0,
with k2 = w(w + 1y /¢). There, however, the solution is of the type
exp(—wwt), whereas here we use the Laplace transform, which cor-
responds to terms of the type exp(st). Hence, the correspondence
s; = —ww, and Im(k) =Re(s).]

The following choice is used in Ref. 15: n =2 for s; /c < % (on
the basis of Amini'®), and n =1/s, fors; /¢ > % (using the results of
Amini and Harris'” and Kress,'® which are based on the requirement
that the operator be well conditioned as s; goes to infinity).

However, the use of this function 7 (s;) makes it problematic to
transform back into the time domain. Hence, a different expression
for the function n(s;) is proposed here: n(s;) =s; /(1 + sf), corre-
spondingto a coefficient s /(1 — s2). This function satisfies the con-
dition n(s;) > for s; > 0. The fact that n(s;) =0 for s; =0 should
not cause problems because this case corresponds to the Laplace
equation for which the boundary integral equation (9) is not singu-
lar. Also, the behavioratinfinity is like 1 /s;, as suggestedin Refs. 16
and 18. Finally, multiplying the equationby 1 — s2, we see that the
proposed coefficient corresponds, in the time domain, to a linear
combination of 1) Eq. (17), 2) its second time derivative, and 3) the
first time derivative of the differentiated equation.

From a theoretical point of view, this appears to be a reason-
able choice. However, from a practical point of view, this equation
might be unnecessarilycumbersome for numerical implementation.
To be specific, the discretizationyields an approximateoperator that
has considerablydifferenthigh-frequencycharacteristics.Thus, one
wonders if it makes any sense to use, for the discretized operator,
a function n(s;) that is based on the requirement that the

nondiscretized operator be well conditioned. Maybe the simpler
n(s;) =s; (correspondingto the time derivative of the differentiated
boundary integral equation) is adequate for the stated objective. In
any event, the main issue for the time-domain formulation still re-
mains to be addressed. This pertains the stability of the solution,
which requires that the spurious singular values be located to the
left of the imaginary axis. In summary, this is considered an open
problem that deserves further attention. This appears to be even
more so in view of the fact that the numerical discretization pre-
sented in Appendix D already moves the spurious singular values
to the left of the imaginary axis, at least for values of the time step
At that are not too small. (Even this lower limit on the value of At
is apparently removed with the discretization proposed in Ref. 19.)
Research activity on the issues addressed in this section is currently
underway.

IV. Quasi-Potential Incompressible Flows

Things are not quite as simple in aerodynamics. Indeed, if one
recalls the d’Alembert paradox, “steady incompressible potential
flows around Sp produce no force on Sp,” it is apparent that one
needs a generalization that is capable of predicting lift and drag.
This is addressed in this section. See Ref. 20 for details, as well as
Ref. 21 foran analysis of the forces producedin the context of quasi-
potential flows. As we will see, this generalization includes zero-
thickness vortex layers (surfaces of discontinuity for the potential).

For this objective, introduce the material circulation

FM(t)=‘¢ v-dx = n-¢dS
Cu () Su (1)

where Cj, (t) = 05, (t) is a material contour, that is, a contour com-
posed of material points, and recall Kelvin’s theorem for incom-
pressible inviscid flows, which states that dI";;/df =0. Next, con-
sider for simplicity an attached flow around an isolated wing, that
is, a flow that leaves the wing surface at a sharp trailing edge, and
assume the vorticity ¢ = curl v to be initially vanishingin the whole
fluid region Vg, for example, start from rest, so that I"y,;(0) =0 for
all of the Cy in Vp. Then, Kelvin’s theorem implies I'y, (f) =0 for
all of the Cj, that remainin Vr between 0 and ¢. This in turn implies
that the vorticity vanishes everywhere in the field, except for the
locus of the points that came in contact with the trailing edge, for
which the preceding assumption (that Cy remains in V¢ between
time 0 and time t) does notapply. These points form a surface, which
is called the wake and is denoted by Sy . Hence, the velocity is still
given by Eq. (1), which, however, does not hold on Sy :
v(x) = gradp(x) (Vx € Vr\Sw) (25)
Note that Agp # const over Sy implies a tangential discontinuityin
the velocity, and, hence, the presence of vorticity, that is, the wake
correspondsto a zero-thickness vortex layer. Therefore, these flows
are called quasi-potential.
The equation that governs quasi-potential incompressible flows
is again the Laplace equation, which, however,does nothold on Sy :
Vipg=0 Vx € Vr\Sw) (26)
The boundary conditions on the wing and at infinity are the same
as for potential flows [Egs. (3) and (4)]. In addition, we now need
boundary conditionson the wake. For a surface of discontinuity, for
incompressible flows, the principles of conservation of mass and
momentum [Serrin,?? p. 219, Eq. (54.1)] imply v - n =vy - n and
Ap =0, where for any function f, Af := f, — fi is the discontinu-
ity of f across Sy, where the subscripts 1 and 2 are the two sides
of the wake at a given point. In turn, these imply

A (8_g0> =0 27)
on

Dy Agp a
V]V)t = (5 + vy - grad)Aga =0 (28)
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where vy = %(vl +v,). Equation (28) is obtained by com-
bining Ap=0 with Bernoulli’s theorem [Eq. (5)] to yield
g, /0t — Dy /Ot + %(vl + v,) - (v, — v;) =0 (see Ref. 23). If one
introduces the conceptof a wake pointxy as a pointhaving velocity
vy, Eq. (28) implies Agp = const following xy, or

Apxw,t) = Ap(xre, f —6c) (29)

where xtg is the trailing-edge point from which xy, originates,
whereas 6c = 6c (xw, t) is the convection time from xtg to Xy .

Finally, we need a boundary condition at the trailing edge. The
Joukowski hypothesis of smooth flow at the trailing edge implies
that

lim Agkxy)= lim @) — lim @) (30)

XW —> XTE X2 = XTE X1 = XTE

where 2 and 1 here are the sides of the wing surface corresponding
to the sides 2 and 1 of the wake, respectively. The discussion of the
trailing-edge boundary condition is quite subtle, and the reader is
referred to Refs. 24 and 25, where several issues, in particular the
relationshipbetween the Kutta conditionand the Joukowskihypoth-
esis, are explored in detail. (The main conclusions are reported at
the end of Appendix D.)

Next, consider the boundary integral formulation for quasi-
potential incompressible flows. Operating as in Sec. II, one obtains
that the boundary integral representationfor quasi-potentialincom-
pressible flows is given by

0G
Ex)p(x,1) =_¢ (XG—¢8_> dS(y)
Sp ny

0G
- / Ag(ytE, t — 0c)—— dS(y) 31
Sw oan,

with E(x) given by Eq. (10). Equation (31) is obtained by using
Eq. (8) for the volume outside a surface, Spw, that surrounds the
(closed) surface of the body S, and the (open) surface of the wake,
Sw. Then we take the limit as Spw tends to Sp USW1 USw, and
use Egs. (27) and (29) to obtain Eq. (31). In Eq. (31), n on Sy is
pointing from side 1 to side 2.

Asbefore,ifx € Sz, wehave E(x) = %, andEq. (31)is aboundary
integral equation that allows one to solve for ¢(x) and, hence, for
p(x) on Sy (aerodynamic problem). Then, forx € V-, Eq. (31) is a
boundary integral representation, which allows one to obtain ¢(x)
and, hence, p(x) in V; (aeroacoustic problem).

Note that the wake surface Sy must be determined as an integral
part of the solution by integrating the equation dx, /df = vy (xy ),
where vy (xw) is obtained by taking the gradient of the preceding
boundary integral representation(31) (free-wake analysis). In prac-
tical applications, the geometry of the wing wake has minor effects
on the solution,?* and hence, it is often prescribed a priori, typically
in the direction of the undisturbed flow. However, this is not true for
rotors in hover, especially in blade vortex interaction conditions, for
which a free-wake analysis is essential +26-%’

V. Quasi-Potential Compressible Flows

Inthis section, we outline the extensionto compressibleflows. For
details, see Refs. 5,20, and 28. Consider an inviscid nonconducting
fluid and assume the flow to be shock free and initially irrotational
and isentropic, for example, at rest and in thermodynamic equi-
librium. The governing equations are the continuity equation, the
Euler equations, and the entropy transport equation (in the absence
of shocks, fully equivalent to the energy equation). Under the pre-
ceding assumptions, the flow remains isentropic at all times. Then,
dp/p=dh is an exact differential of a single-valued function, and
therefore, Kelvin’s theorem applies. Hence, the flow remains irro-
tational at all times and at all points except for those on the wake
[Eq. (25)]. Under these conditions, we have Bernoulli’s theorem for
compressible, irrotational, isentropic flows, which in the air frame
is given by

dp 1

% S 4h=h, 3
8t+2v+ (32)

By combining this with the continuity equation in nonconservative
form, Dp /Dt + p divv =0, one obtains
1 Dio

Vip =
¢ a? Dt?

(x € Ve\Sw) (33)

where a = ./(dp/dp|s) is the isentropic speed of sound, whereas
D./Dt:=9/9t + v, - grad. The subscript ¢ indicates that v is kept
constant during the second differentiation. In an inertial frame of
reference having constant velocity v, = v(x, t) with respect to the
undisturbed flow, Eq. (33) reduces (at point x and time ) to linear
wave equation (12).

Note that, for ideal gases with constant specific heat coef-
ficients, we have h=c,?, and a may be expressed in terms
of ¢ through Bernoulli’s theorem [Eq. (32)] by recalling that
a*=yp/p=yRY =(y — Dh, wherey =c,/c, is the specific heat
coefficientratio. Then, the velocity potentialis the only unknown in
the preceding equation. Incidentally, this is the main reason for the
author to prefer an aerodynamic-aeroacoustic formulation in terms
of velocity potential to one in terms of pressure; also see comments
on the Ffowcs Williams and Hawkings' equationin Sec. VIII.

In the remainder of this section, we extend the boundary integral
formulation for quasi-potentialincompressible flows to the case of
wings in compressibleflows. We take advantage of the fact thateven
for unsteady flows in practical applications the motion of the wing
with respect to a frame of reference in uniform translation (body
frame) is typically very small. Thus, we assume the motion of the
aircraft surface in the body frame to be infinitesimal. In this case,
it is convenient to study the problem in such a frame of reference.
Let v, be the velocity of the undisturbed flow with respect to the
body frame. For this frame, Eq. (33) may be written as a nonho-
mogeneous convected wave equation (for both aerodynamics and
aeroacoustics):

2
1/ 0
Vip — Z(E + vy - grad) Y =0y Vx € Ve\Sw) (34)

where ¢ = a.,, whereas the nonlinear terms o, important for tran-
sonic flows, are treated as nonhomogeneous terms (akin to the
Lighthil® acoustic analogy). An explicitexpressionfor oy is given
in Ref. 30, which gives also a conservative form for o, (obtained
from the conservative form of the continuity equation), important
in the presence of shocks (shock-capturing scheme).

A question arises: Are the sourcesreal? What is a real source? A
loudspeakerconsistsof a vibrating surface. Are moving surfaces the
only real sources?Is a shock wave a real source?Is it the wake? The
answeris in the eyes of the beholder. The sourcesin Eq. (34), orin the
quadrupole term in the Ffowcs Williams and Hawkings' equation,
are typically consideredas fictitious sources. However, if we were to
make a comparison with experimental results, we would not be able
to distinguish between real and fictitious sources, provided that the
instrumentation, for instance, a directional microphone, is based on
the assumption that the incoming waves are governed by the linear
wave equation.

It is easy to see that at infinity the boundary conditions on the
body and wake are the same as those for incompressible flows.
In addition to the boundary conditions, we need initial conditions:
For simplicity, we assume that the fluid is initially at rest, so that
¢(x,0) =¢(x, 0) =0. For nonhomogeneous initial conditions, the
formulation is similar to that presented in Sec. III and is given in
Ref. 31.

The fundamental solution Gc for quasi-potential compressible
flows is obtained by solving the adjoint problem, that is, the differ-
ential equation

2
1(0

V3Goc — = (5 + Voo - grad) Goc =8(x —y)8(t—1) (35
C

with initial conditions G ¢ (x, 00) = GQC (x, 00) =0 and boundary

condition Goc =o(1) at infinity.

For simplicity, we limit ourselves to subsonic undisturbed Mach
numbers, M = v,,/c < 1. For an extension of the formulation to the
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supersonic case, see Refs. 31 and 32. In this case, the solution of
Eq. (35) is given by (Appendix C.C)

Gos(x,y,t,7) = (—1/4mr)é(t — v +6) (36)
where, choosing the x; axis to be coaligned with v,

rpx,y) =/ M2(x; — y))* + B2r?

= \/ (= )% + B[ (12 = 2% + (3 = 73)?] (37)

with M = vy, /¢, B= /(1 — M?), r = ||l = lx — yll, and 6.(x, y) =
(M (xy — y1) + 1]/ B%c.

Multiplying Eq. (34) by G and Eq. (35) by ¢, subtracting, inte-
grating over Vr and ¢, using Gauss’s divergence theorem, and inter-
changingof the variablesx andy, as well as f and t, one obtains>2%-28
the boundary integral representation for Eq. (34):

~ A a0

. g oG .. 90 .

E(x)¢(x,t)=y§ [%"G—wfﬂocf} dS(3)
SB y n’, n’,

v A 90
- f [Awﬁ—wé%@} a3G) + f [Gool dV(3)
Sw Vr

on, ny
(38)

with coordinates X; = x, /8, X, = X, and ¥; = x3. In addition, G =
—1/4x 7, with 7 =[x — y||, and superscript § subscript 7 =1 —6,
where now (recall the interghange between x and y) 0=
[M(y, —X,) +7]/Bc, whereas 0 = [M (X, — y,) +F]/Bc.

Again, for x € Sp, Eq. (38) is a boundary integral equation that
yields ¢ and, hence, p, on S (aerodynamic problem), whereas for
x € Vr, Eq. (38) is a boundary integral representation that yields ¢
and, hence, p, in V- (aeroacoustic problem).

As mentioned in the Introduction, for the sake of simplicity, the
emphasisis on flows around wings in uniform translation. However,
the formulation may be extended to surfaces in arbitrary motions,
in particular to rotors in maneuvering; see Refs. 5 and 6.

Of course, the fictitious eigenvalue difficulty discussed for acous-
tics (Sec. III) appears here as well. The time-domain remedy pro-
posed for acoustics applies to this case as well. Again, the time
discretization may in itself solve the problem.

VI. Viscous Compressible Flows

In this section, we extend the formulation to viscous compress-
ible flows. For details, see Refs. 33-35. For simplicity, we limit
ourselves to ideal gases with constant coefficients. The govern-
ing equations are the continuity equation, Dp /Dt + p divo =0,
the Navier-Stokes equations, pDv/Dt = —grad p + Div V (where
V =rdiv ol +2uD), and the entropy transport equation, p9#DS/
Dt =V:D — divq (where g = —k grad ).

The extension to viscous flows of the formulation for quasi-
potential flows is obtained through a decomposition of the velocity
field into potential and vortical contributionsas

v(x) = grade(x) +w(x) (39)

where w(x) is any particular solution of curlw(x) = {(x). Indeed,
v(x) — w(x) is irrotational, and hence potential.

The well-known Helmholtz scalar potential-vector potential de-
composition, v= gradg + curlw (Serrin,”> p. 165), is a special
case of Eq. (39). However, both the scalar potential ¢ and the vector
potential 7 satisfy a Poisson equation, thereby obscuring the wave-
like nature of the phenomenon (Refs. 34 and 36). Therefore, the
Helmholtz decompositionis of little interest in acoustics.

A different decomposition is used here. To identify suitable re-
quirements for the proposed decomposition,consider first the equa-
tion for the potential ¢(x). Combining the Navier-Stokes equations
with dh =9dS +dp/p, and Dv/Dt = dv/dt + % gradv?+¢ x v,
one obtains
2

a 1
_v+ grad%—}—(xv: —gradh + ¢ grad S+ —DivV  (40)
0

ot

Combining Eqgs. (39) and (40) and setting

9 1
d=a—':+cxv—19gradS——Divv 41)
0

yields grad (¢ 4+ v2/2+h)+d =0. This implies curld = 0. Hence,
there exists

W(x)=/ d(y)-dy

(with path-independent integral), such that d = grad e . In the air
frame, combining the preceding equations [grad(¢ + v?/2 + h) +
d =0 andd = grad @] yields a generalized Bernoullian theorem,

o+ vV /2+h+w=h, (42)

an extension of those considered in Serrin?? (pp- 153, 168, 260,
and 261). Combining this equation with the nonconservative form
of the continuity equation, using the equation of state p = p (&, S),
as well as a>:=9p/dp|s = pdh/dp|s (isentropic speed of sound),
and noting that for ideal gases Dp/DS|, = —p/R [Ref. 33, p. 4.9,
Eq. (4.A.19)], one obtains

IDp 1 Dh  1DS

Vip+ divw = ——— =, =
g dvw = = T2 D TR D
1 D[. v? 1 DS
e \YtT Tt )T RSy “3)

To identify the relevant terms at infinity, that is, the linear terms
in ¢, because w vanishes exponentially at infinity, note that
Div V= (A +2u)V? grad ¢ + higherorderterms (HOT). Therefore,
@ =—0.5 — v, V29 + HOT, where v; = (A +2u)/ps. Hence,
h=hy —3¢/3t + ¥« S + v, V>0 +HOT. In addition (recalling
h=c,9), p0DS/Dt =—divg+HOT =«V?h/c,. Next, we as-
sume that Pr=1/(2+1/w). [For zero bulk viscosity this means
Pr= %, which is the diatomic gas value (Serrin,2? p. 239).] Elim-
inating S between Bernoulli’s theorem and the entropy equation
and integratingyields h = h,, — d¢/dt + HOT. Combining with the
continuity equation and recalling that a®> = y R, one obtains

V2 — (1/¢) (¢ — 21, V2¢) = oy (44)

where ¢ = a.,, v, =y v /2, whereas oy includes all of the HOT.

As already seen for quasi-potential flows, oy will appear in a
volume integral [Eq. (53)]. On the basis of this consideration, we
can identify the requirement for the desired decomposition: Within
a boundary integral formulation, it is desirable to reduce as much
as possible the region in which oy #0, to minimize the volume
of integration, which is computationally expensive. Thus, in the
definition of w(x), we choose as a requirementthat, if at all possible,
w(x) =0 in the whole “irrotational region,” that is, region in which
¢(x) is computationally negligible, for example, outside boundary
layer and wake, for an attached flow past a wing. Strictly speaking,
even for initially irrotational flows, {(x) and, hence, w(x) vanish
exponentially at infinity.

To pursue this objective, note that in curvilinear coordinates £“,
curlw(x) = {(x) is given by

_dw_dw L, dw
9&?2 93’ 9&3 9&!
0 d
Jod = Jwr 9w (45)
9&! 9&?2

where J =0(xy, x5, x3)/0(£!, €2, &%) denotes the Jacobian of the
transformationx = x(£¢, ).
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Next, choosing w, (£, €2, £3) =0 (arbitrarily, but legitimately)
and integrating the last two in Eq. (45), we have

wi(€',§%,8)=0

w2<s‘,sz,s3>=—f JEE £, 8% dE!

El

wy (&', 82, £%) =f Je2(E £, 8%) dé! (46)

El

The choice w; (§*) = 01is legitimate because when it is recalled that
div{ =0, it is easy to verify that the preceding solution automati-
cally satisfies the first equation in Eq. (45) as well.

Then, using a suitabledirectionfor the integration,one may obtain
w(x) =0 in much (if not all) of the irrotational region (next section).

Next, note an important difference between aeroacoustics and
aerodynamics. In aerodynamics, the effects of the linear viscous
term are typically very small, and thus, this term is included in oy .
In this case, we see that the governing equation for ¢ for viscous
flows is formally the same as that for quasi-potential flows (with
o replaced by oy). This implies that the same boundary integral
formulation used for quasi-potential flows may be used for vis-
cous flows as well. However, in the case of viscous flows, the wake
has finite thickness. Thus, there exists no velocity discontinuity.
Hence, if w is continuous (a big if; see Sec. VII), then Ap =0, and
we have

> N1
o . 3 3G .. 00 .
Ex)px) = % |:8_50G —o—— +¢G Ti| dS(y)
S5 LO7y on, on,
+ | [Govl"dv(y) 47

Vr

On the other hand, in aeroacoustics, the linear viscous term in
Eq. (44) is important (at least for distant points) because it yields
attenuation and dispersion. This may be seen from the fundamental
solution, which, in the air frame, satisfies the equation

V2Gye — (1/¢2)(Gye — 1aV2Gye) = 8(x —y)8(t — 1) (48)
with initial conditions Gyc(x, 00) = GVC (x, 00) =0 and boundary

condition Gyc =o(1) at infinity. In Appendix C.D, an approximate
closed-form solution, still in the air frame, is obtained:

Gvelx, 1y, 1) = (=1/47r)Y, (r)du(r — 1) (49

where ¥, (r) =1 — exp(—cr/v,) is an attenuation factor, whereas

b, (1) = —2L0 { [—m - r)z} |:—(cz + r)2i| }
v = eX — exp| —m——
Y (r)/4mv,t P 4v,t P 4v,t

(50)

is a near identity, that is, as v, tends to zero, §, tends to the Dirac
delta function (Figs. 1 and 2). Indeed, when

/ exp(—bt - %)t‘é dr = 1/%exp(—«/ub)
0

[Ref. 37, p. 1145, Eq. (17.13.31)] is used, it easy to verify that

/ s,(Hdt =1

Hence, as v, tends to zero, Gvc [Eq. (49)] tends to the fundamental
solution of the inviscid wave equation G , [Eq. (15)].

Still, in aeroacoustics, for v, # 0, the boundary integral repre-
sentation is easily obtained using the procedure outlined earlier:
Note that the terms in Eq. (44) that include a time derivative do not
contribute to the boundary integral representation for ¢ [Eq. (47)]

300
l=1.0
— 1/1=10.0
200 - — - 1/1=100.0
— 1/1=1000.0
8
100 -
oE—=— T e e - S
-0.020 ~0.010 0.000 0.010 0.020

{ct-n/l

Fig. 1 Forcl/v,=10° andr/£=1,...,1000,5 = cd, /¢ as a function of
(ct — r)lL.

3000
- tl=1.0
— /1=10.0

2000 | — - r/1=100.0
— r/1=1000.0

8
1000 *
0 )if~7’"‘\47777 T T Sl
-0.004 -0.002 0.000 0.002 0.004

Fig. 2 Forcl/v,=10% andr/£=1,...,1000,5 =cd,/¢ as a function of
(ct — r)lL.

because of the homogeneous initial conditions on ¢ and Gyc; the
boundary terms multiplied by v, are typically very small and may be
neglected. Then, the primary difference is due to the fundamental
solution. For simplicity, let us limit the discussion to the funda-
mental solution given by Eq. (49). It is apparent from Figs. 1 and
2 that, for high Reynolds numbers and for nondistant points, the
fundamental solution is very close to that of the quasi-potential
flows [also Eq. (49)]. Thus, for v, very small, the formulation for
aeroacoustics is also given by Eq. (47), provided that the super-
script 0 is interpreted as an average retarded value (convolution
with the near identity §,) and that G is multiplied by the atten-
uation factor ¥ (r). Of course, for very high Reynolds numbers
and for really nondistant points, one recovers the aerodynamic for-
mulation (47). Note that in the preceding discussion, we implic-
itly assumed to be working in the body frame; to accomplish this,
we need to make the same transformation used in Appendix C.C,
which is dictated, but not limited, by the presence of the Dirac delta
function.

Moreover, there is an important issue that should be discussed.
We have assumed that Aw(x) =0. Under what condition is this
true? For the sake of clarity, in discussing the requirements for
having w(x) continuous, we restrict the problem to incompressible
flows (Sec. VII) because the generalizationto compressible flows is
apparent.

In Sec. VII, we also address the issue of the use of Eq. (47) for
x € Sz. We will see that, in this case, the main unknown in this
equation is the vorticity at the boundary because for viscous flows
the velocity at the boundary is prescribed.

Finally, consider a novel derivation of the expression for w(x),
which clarifies the meaning of ¢(x) in Eq. (39). Using the well-
knownidentitye,s, " =4, 8 — 8,85, wheree,s, ande””" denote
the permutation symbol, and [see Eq. (46)] J¢¥ =e?°"v,, ., where
S =0f/0&7, we have ey, J {7 = (8585 — 8,85 V5r = Vg — Vp.a-
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Multiplying by st d¢! and integratingover a £! line from infinity to
x, denoted by £(00, x), one obtains [see Eq. (46)] w, = v, — ¢4, in
agreement with Eq. (39), where now

@(x) =/ v(y) -dy (5D
[,(oo.x)

Thus, ¢(x) is the line integral of the velocity over the same path used
for w(x). Note that, contrary to the potential-flow case, the integral
in Eq. (51) is path dependent. Note also that the definition of ¢ (x)
in Eq. (51) depends only on the integration paths, £(o0, x). Hence,
w(x) is not as strongly dependent on the choice of the curvilinear
coordinates £% as it seems from Eq. (46), although its covariant
components are, of course, £ dependent.

VII. Viscous Incompressible Flows

In this section, we discuss the issue of the continuity of w(x). In
the process, we obtain a better appreciation for the subtleties of the
numerical implementation, as well as a clarification of the earlier
statement, that is, that using a suitable direction for the integration
one obtains w =0 in much, if not all, of the irrotationalregion. (For
details, see Refs. 34, 35, and 38.) Let us assume that, at a given
time step, the vorticity is known, for example, obtained by step-
by-step integration of the vorticity transport equation, discretized,
for instance, by finite differences. Thus, we can concentrate on the
equation for the potential ¢.

Assume, for a moment, w(x) to be continuous across the wake
surface; then Agp = A(d¢/dn) =0 because for viscous flows v(x)
is continuous. Combining Eq. (39) with the continuity equation
for incompressible flows, divv =0, and setting o = —divw, one
obtains

Vi =0 (x € Vr) (52)

The boundary integral representationis

d G
E@gx) = f (—“’G - w—) dS(y) + f GodV(y) (53)
Ss on, on, Ve
The boundary condition on the boundary surface Sp, assumed to
be impermeable,isv-n=0¢/dn+w-n=wvz -n=:y [Eq.(3)],or

— =x—w-n (54)
on

The issue of the continuity of w depends on the direction of in-
tegration used for w. Two options are considered in the follow-
ing. In both cases, the presence of the wake makes it convenient
to use a C grid around a cross-section of the wing. Here, a given
&' line on Sp is assumed to close on itself at the trailing edge and
then to cover the two sides of Sp over the same line. Also, for
simplicity, we assume the flow to be almost potential. (Following
Chorin and Marsden,® p. 60, this is a flow in which the vortic-
ity is confined to some thin layers of fluid, such as boundary layer
and wake.)

In the first option (consideredin Ref. 38 and hereby referred to as
option A), one chooses the integration coordinate in Eq. (46), £!, to
coincide with the normal to the body and to a surface S, emanating
fromthe trailingedge (midsurface of the wake, which is analogousto
Sy for quasi-potential flows). This particularintegration coordinate
is hereby denoted by 7. (The surface n =0 covers Sp and the two
sides of Sp.) This implies w - n = w; = 0. Thus, if one still assumes
thatw is continuousso that Agp = A(d¢/dn) = 0 across Sp, Eq. (53)
integrated by parts in the direction £! = 5 yields

G G
E(x)p(x) = % |:(X +x1)G —wa—i| dS(y) + / o0 dV(y)
Sp n,V Vi n

(55)

where

o, = %/n Vao di (56)

1 o .
Xl:«/_E/U Va o di 57)

Note that, for almost potential flows, w(x) and, hence, o (x) van-
ish in the irrotational region. Also, within the boundary-layer ap-
proximations, the preceding expression for x; coincides with the
Lighthill* transpiration velocity. (See Ref. 38 for details.) Thus,
this may be considered as an exact generalization of the classical
potential-flow/boundary-layercoupling. However, a problemarises:
Because of the C grid, w is discontinuous across Sp, unless J¢ is
antisymmetric with respect to &!, for example, symmetric flows.
Thus, except for this last case, the formulation is cumbersome to
implement. We would need a doublet (dipole) distribution to com-
pensate for the tangential discontinuity of w on Sp; in addition, we
wouldhave a source (monopole) distributiondue to the transpiration
velocity [Eq. (57)] on the Sp, arising from the integration by parts.
Both terms vanish for symmetric flows with symmetric curvilinear
coordinate system.

In the second option (considered in Ref. 34, and hereby referred
to as option B), one chooses the integration coordinate £! to be
essentially in the direction of the flow. (The surfaces Sp and Sp, are
covered by & ! lines). Then, if one still assumes for a moment that
w(x) is continuous so that A¢ = A(d¢/dn) =0 across the wake,
and uses Eq. (54) and Gauss’s theorem, Eq. (53) yields

0G
E(x)go(x)=‘¢ (XG—goa—> dS(y)+/ w- grad G dV(y)
S ny Ve

(58)

To interpret this equation, consider an almost potential flow, as
defined earlier. For the sake of clarity, assume that the coordinate
systemé&“ is such that each vortex line is within a surface £* = const.
Then, ¢* =0, and Eq. (46) yields w; = w, =0. Thus, w = w3 g*, or
w=wn, with n=g*/||g*|| being the unit normal to the surfaces
&3 = const. In this case, w - grad G = wdG/dn, and the volume in-
tegral may be seen as a distribution of diffused doublets (dipoles),
in direction of n. In the limit, as the vortex-layer thickness goes to
zero, the almost potential flow tends to a quasi-potential flow, and it
may be shown that from Eq. (58) we recover the boundary integral
representation for incompressible quasi-potential flows, Eq. (31)
(Ref. 34, pp. 26-30). Note that, also in this case, for almost potential
flows, w(x) and o (x) vanish in the entire irrotationalregion. Again,
a problem arises: Here w is discontinuous,unless J ¢ is symmetric
with respect to 7, for example, antisymmetric flow with symmetric
curvilinear coordinate system. Thus, except for this last case, the
formulation is cumbersome to implement.

A remedy to the preceding two problems is proposed in Ref. 35:
Decompose the field J ¢ around an isolated wing into two contribu-
tions, one symmetric and the other antisymmetric with respectto the
directionn, and then use option A for the antisymmetric contribution
and option B for the symmetric one. This yields

oG
E@)p(x) = f |:(X +xG - wa—} dS(y)
S n

y

oG
+ / ((TIA— +w? . grad G) dV(y) (59)
Vi an

where the superscripts A and B referto option A and B, respectively.
However, thisis too limiting formore complex configurations,for in-
stance, for a low-wing/high-tailcombinationor for high-liftdevices.

A refinement is proposed here. Note that, within option B, the
symmetry requirement on ¢ need be applied only on the surface.
Thus, for each cross section in a compact domain contained within
Vr, consider an antisymmetric continuation of the antisymmetric
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portion of the vorticity on the boundary. Treat these continuations
with option A (which works for antisymmetric J ). Subtract these
from the vorticity field; the remaining vorticity field is symmetric
over each boundary and may be treated with option B.

Finally, a few words regarding the use of Eq. (53) forx € Sg. In
viscous flows, the boundary conditionis v = v, thatis, not only no
penetration, but also no slip. Thus, in addition to Eq. (54), we have
n x gradg =n x (vzy —w), which allowsoneto obtain ¢ on S (ex-
cept for an arbitrary additive constant) from vp and w. Hence, the
real unknown in this case is the vorticity at the boundary nodes. (As
mentioned earlier, the vorticity at the field nodes may be evaluated
by finite differences, provided that the values at the boundary nodes
are known.) To this end, one may use Eq. (59) to determine ¢ on Sp.
In general, this will produceslip at the boundary, which is to be inter-
pretedas a vortex layer with intensityy = —n X (grado +w — vp).
As this diffuses, the slip is removed, and hence, the no-slip bound-
ary condition is automatically satisfied. Thus, quasi-potential flows
are very close to viscous flows, not only numerically, but also con-
ceptually, provided that the discontinuity between fluid and solid is
seen as a zero-thicknessvortex layer within the flow. (See Refs. 34
and 36 for a deeper analysis of this point.) This issue is currently
under investigation.

VIII. Discussion

From the preceding considerations, we can say that, within the
context of boundary integral methods, the differences between exte-
rior aeroacousticsand unsteady aerodynamicsare minor (especially
for nondistant points). Indeed, the two disciplines are closely inter-
related and further analysis of the relationship is warranted. In par-
ticular, we have examined the relationshiponly for the formulation
in nonprimitive variables, that is, within the context of boundary
integral equations for the velocity potential and the extension to
viscous flows through the decompositionof Eq. (39). Thus, the pre-
sented analysis is by no means complete. Nothing has been said
aboutboundary integral formulations for primitive variables. These
have been examined by Piva and Morino'%!! for unsteady viscous
compressible flows, for the limited case of Pr = 0; the more general
case has been considered in Ref. 41. These papers (Refs. 10, 11,
and 41) are formulated for acoustics, that is, for an air frame; the
transformation of Appendix C.C may be applied to shift to aero-
acoustics.

Note that the Ffowcs Williams and Hawkings' formulation s re-
covered as a particular case of that of Refs. 10, 11, and 41. Further
analysis of these issues is now under consideration and will be the
subjectof a separate paper. However, a few remarks on the relation-
ship with the two approaches typically used in aeroacoustics, that
of Ffowcs Williams and Hawkings1 and the Kirchhoff method (see
Refs. 2 and 3) are appropriate. As mentioned, the present approach
is preferred by the author because, for quasi-potential flows, there
exists an equation [Eq. (33)] that is self-containedin the sense that
the only unknown is ¢. This providesus with a unified approach for
aerodynamicsand aeroacoustics,which allows one to explorethe re-
lationship between the two disciplines. This is not true for the other
two approachesused in aeroacoustics, that of Ffowcs Williams and
Hawkings1 and the Kirchhoff method (see Refs. 2 and 3), where the
formulation contains quantities (specifically, in the Lighthill tensor)
that are assumed to be obtained independently.Note that if one con-
siders the exact (nonlinear) formulation, these two methods are fully
equivalent because they may be obtained from each other through
an integration by parts. (For example, see Refs. 42-44, which in-
clude permeable surfaces for both methods.)

Note also that there exist problems even if we limit ourselves to
the linear quasi-potential formulation. These are due to the pres-
ence of the wake. To see this, note that, in the Ffowcs Williams and
Hawkings' method for quasi-potential flows, assuming for simplic-
ity that the wake is flat and parallel to the flow, the wake integrals
are expressed in terms of the discontinuity of p and v - n, quanti-
ties that are continuousacross the wake [Eq. (27)]. Thus, within the
linear formulation, there is no contribution from the wake, across
which these quantitiesare continuous.Indeed, the contributionfrom
the wake arises from the quadrupole;*® and hence, it is a nonlinear

effect. This is a major advantage in the use of the boundary integral
representation(acoustic problem) because the contributionfrom the
wake is computationallyexpensive. However, it causes problems in
the use of the boundary integral equation (aerodynamic problem)
because the preceding considerationimplies that the solution is not
unique (because both the potential and the quasi-potential solution
satisfy this equation). Thus, on the basis of the Fredholm-alternative
theorem (see Colton and Kress,® p. 22, and note that the operator is
compact) the integral operatoris singularand cannotbe used to find
¢ on Sp (aerodynamicproblem). On the otherhand, in the Kirchhoff
method (see Refs. 2 and 3), there is a contribution from the wake
(which to the best of the author’s knowledge has never been in-
cluded in the computations) even if the Lighthill tensor is neglected
because in general, dp/dn is discontinuous, as may be seen from
the Euler equations. However, if dn/dt =0, for example, for steady
problems, the discontinuityis nonlinear;in addition,if n is constant,
for example, flat wake, then A(dp/dn)=0. These issues are more
complicatedif the wake is not parallel to the flows because the nor-
mal to Sy differs from the normal in the Prandtl-Glauert space; this
is even more so in the case of rotors.

The preceding remarks should not be construed as to imply that
the Ffowcs Williams and Hawkings1 and the Kirchhoff (see Refs. 2
and 3) methods are computationallyless convenientthan the present
method, only that they do not provide a unified approach to the two
problems. Indeed, the presence of Ag in the formulation presented
here could be a major problem in aeroacoustics.It is not a problem
if the wake is straight and we are operating in the frequency do-
main because in this case the wake contribution may be integrated
analytically along the flow. On the other hand, in aerodynamics the
presence of the wake may be an advantage because it allows one to
take into account the effects of wake rollup (important, for instance,
for helicopter rotors in hover).

Hence, another question arises: Is the formulation presented use-
ful as a computationalmethodology? A few words on the numerical
implementation and validation appear in order. First, note that most
of the panel-methodcodes developedto design aircraftare based on
the presentformulationfor quasi-potentialflows (e.g.,Ref. 46). Note
that two types of discretizations have been used, hereby referred to
as the zeroth-orderand the third-order formulation. (For details, see
the end of Appendix D.) The zeroth-order quasi-potential numeri-
cal formulation has been implemented and validated for unsteady
three-dimensionalcompressibleflows. (Unless otherwise stated, see
Refs. 4, 43, and 44, which present overviews of the zeroth-order
numerical results available.) Specifically, 1) for subsonic flows (fre-
quency and time domain) the validation includes complex configu-
ration, for example, wing-body-tail, and innovative configurations
(even multiply connected, e.g., box wing*’), as well as rotors,*~®
and 2) for transonic flows (time domain) and supersonic flows (fre-
quency domain®'-*?) the validation is limited to isolated wings.

The third-order formulation is more recent: It has a higher rate
of convergence, but it requires a more complex geometry descrip-
tion, for example, base vectors; however, such a formulation is es-
sential if the differentiated boundary integral equation, which has
a hypersingular kernel, is to be used. (See considerations of the
CONDOR method in Sec. III, as well as Ref. 15, which uses this
approach for the acoustic scatteringaround a sphere.) The validation
of the third-order formulation for quasi-potentialflows is limited to
unsteady incompressible three-dimensional flows around isolated
wings. (See Ref. 25, which includes innovative configurations, that
is, box wings.) The extension to quasi-potentialcompressible flows
[Eq. (38)] is nearly completed.

The viscous-flow formulation is very recent. The validation of
option A (Sec. VII) is presented in Ref. 48 and is limited to
two-dimensional incompressible flows. For the combination of
options A and B, recent, as yet unpublished, results confirm the
validity of the formulation. As mentioned already, the issue of
the boundary condition for the vorticity is under investigation.
Option A has also been used in Ref. 49 to study transonic Eu-
ler flows, with vorticity generated by the shock. In addition, the
extension in Ref. 38 of Lighthill’s* transpiration velocity has
been used to study the potential-flow/boundary-layerinteraction for
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three-dimensional subsonic flows around an isolated wing, in par-
ticular, a box wing,*- and for two-dimensional transonic flows
around an isolated airfoil #*44

Moreover, in Ref. 51, the two-dimensional boundary-layerequa-
tions have been reinterpreted in term of vorticity. Specifically, inte-
grating twice along the boundary-layer thickness in the vorticity-
transport equation, one obtains an equation that is formally equal
to the boundary-layerequation, with the displacement and momen-
tum thicknesses defined in terms of vorticity. These definitions
reduce to the classical ones in terms of velocity if the boundary-
layer assumptions are applicable. The three-dimensional extension
is currently underway.

Finally, the described formulations are being incorporated in a
multidisciplinary-optimization code for preliminary design of inno-
vative configurations, for which only first-principle-basedmethods
are available>%? The methodology presented here is particularly
useful in this context because it provides accurate (and refinable)
results with relatively low computational costs.

IX. Summary

Let us go back to the original question: Is there a difference be-
tween exterior aeroacoustics and unsteady aerodynamics? Within
the context of boundary integral methods that are based on the ve-
locity potential (with its generalizationto viscous flows), the main
theme of this paperis that for every boundaryintegral equation used
in aerodynamics to obtain ¢ (and, hence, velocity and pressure) on
the boundary surface, there exists a corresponding boundary inte-
gral representation that afterward may be used to evaluate ¢ (and,
hence, velocity and pressure) in the field, that is, for aeroacoustics.

Also, some new resultswere presentedthat show some differences
between the two disciplines. In particular, in Sec. VI, we presented
an extension to aeroacoustics of the aerodynamic formulation for
viscous compressible flows of Refs. 20,28, and 33-35. Specifically,
for distant points, linear viscous terms exist in the equation for ¢,
which are typically neglected in aerodynamics and which in aeroa-
coustics must be included, at least for distant points, because they
yield attenuationand dispersion.In addition, we obtained an explicit
closed-form expression for the viscous compressible fundamental
solution for the case Pr=y/(2+ 1/n) (Appendix C.D). Further-
more, the formulation of Ref. 35 for removing discontinuitieson w
hasbeenextendedto more general configurations. Moreover,a novel
derivation of Eq. (46) has been presented at the end of Sec. VI that
clarifies the meaning of ¢ (x) in Eq. (39) and clarifies the extent of
the dependence of w(x) on the the choice of the coordinate system.

Additionalnovelresultsinclude 1) a proposal for the time-domain
remedy to the fictitious eigenvalue difficulty (Sec. IIT) and 2) the
formulation of Appendix C.B, which yields the correct causal be-
havior of the solution without the need for invoking the Sommer-
feld radiation condition. Finally, in Appendix A, we show that, if
M <1 and wl/c < 1, the incompressible-flow assumption may be
used in aeroacoustics as well, provided that the signal is delayed
by At =|lx —y,ll/c. (Of course this difference is relevant only for
distant points.)

Advantages and limitations of the formulation have been dis-
cussed in Sec. VIII, along with the numerical validation and work
in progress.

Finally, note that the decomposition in Eq. (39) has theoretical
advantages that have not been discussed: For instance, the decom-
position into potential and vortical velocity allows one to separate
noise, that is, randomness in the potential velocity, and turbulence,
that is, randomness in the vortical velocity. That the turbulence is
connected with the vorticity is apparentin incompressible flows be-
cause for harmonic functions the value at a point x coincides with
the average over a spherical surface centered in x.

Appendix A: Incompressibility and Aeroacoustics

In Sec. II we assumed the flow to be incompressible. Here, we
examine what happens if the same assumption is made in studying
aeroacoustics. For simplicity, we address the issue in the frequency
domain, that is, s = 2w, for the limited case of a linear problem with
no wake, thatis, 0o = Ap =0.

In steady-state aerodynamics (w =0), we have that the condi-
tion M <1 is sufficient to allow one to assume that the flow is in-
compressible because the Prandtl-Glauert transformation becomes
irrelevant. In unsteady aerodynamics, one needs both M < 1 and
wl/c K1, where £ is the largest distance between two points of
the body, for example, wing. In this case, wr/c <wf/c K1 and,
therefore, exp(—ia)é) ~ exp(—iwr/c)~1, and for op =Ap =0,
Eq. (38) reducesto Eq. (8).

In aeroacoustics, under the same conditions, for a point that
is quite distant from the body, we do not necessarily have
wr/c < 1. However, given a point y, (“average” of the points
on the body surface), we have r —ro < £ (ro=|lyo —xl|), and
hence, expliw(0 —ro/c)]~ explio(r —ry)/c]~ exp(iwt/c) =1,
or exp(—iwb) ~ exp(—iwry/c). Hence, the boundary integral rep-
resentation [Eq. (38)], reduces to

) = exp<_i‘f)r°> yg [a_¢ G-¢ E} dS(y) (A1)
c Si on, on,

The implication is that, contrary to aerodynamics, in aeroacoustics
onemay use theincompressible-flow assumptiononly ifadelayry/c
is included in the solution. On the other hand, the phase difference
between the various emitting points may be neglected.

Appendix B: Value of E(x) on Sp

The simplest way to obtain the value of E(x) for x € Sp is to
use the LighthilP* approach to generalized functions. This consists
of introducing the generalized functions, such as the Dirac delta
function, as the limit of suitably smooth functions. Specifically,
for the three-dimensional case, let us introduce a function J,(x)
(near identity), with the following properties: 1) 8, (x) is spherically
symmetric and is as smooth as needed for the given problem, 2)
8.(x) =0 for ||x|| > €, and 3)

/ 5. (x)dV(x) =1
R3

Such a functionexists. Indeed, one such function, which is infinitely
differentiable, is given by 8. (x) =cexp[1/(r* — €?)] for r < €, and
8. (x) = 0 otherwise, with r = ||x|| and

1 [ 1 24
c=—|[ exp|———|r‘dr
4 J, P (r2 —e€?)

so that condition 3 is satisfied. Then, if x is a smooth point of Sp
. 1
11mU/ PPy —x) dV(y) = S (x) (B
€— Vi

[See comments in brackets following Eq. (8).]

Of course, this implies that one should use an approximate fun-
damental solution G, which satisfies the equation L*G, =4,. For
instance, for the Laplacian, using 8. (x) = 3/4m ¢ for |x|| <€, and
3. (x) =0 otherwise, one obtains G, =—1/4xr (r=|x —yl) for
r>e,and G, = (—3€* +r?)/8me’ forr < €. In the limit, as € tends
to zero, one recovers Eqs. (8) and (9).

Finally, note that x is not always a smooth point of S, for in-
stance, for points on a hinge line or on the trailing edge. (See, in
particular, the third-order formulation at the end of Appendix D.)
Hence, consider the most general case, for which we have

limU/ (38 (y —x)dV(y) = E(x)¢(x) (B2)
€— Vi

where E (x) equals the fraction of the supportof §, (x) thatliesin V.
This implies E(x) =1 — Q(x)/4m, where Q(x) is the solid angle
connectedto Sy for an observerlocated in x. This includesEq. (B1)
as a particular case.

Appendix C: Fundamental Solutions

In Appendix C, we derive all of the fundamental solutions used
in the main body of the paper. Novel results include the critique on
the Sommerfeld radiation condition in Appendix C.B, and the fun-
damental solution for viscous compressible flows in Appendix C.D.
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A. Potential Flows

Consider the fundamental solution for the Laplace equation, de-
fined by Eq. (6). Recalling that V2= div grad, integrating over a
volume V that includes the point y, and using Gauss’s theorem, as
well as the definition of the Dirac delta function, one obtains

yg 9G 45y =1 (1)
S on

where n is the outer normal to S =9dV. Choosing for S a sphere
centered on y and taking into accountthe spherical symmetry of the
problem, one obtains 3G /dr = 1/4mr?. Using the boundary condi-
tion at infinity for G yields Eq. (7).

B. Acoustics

Next, considerthe fundamentalsolution for acoustics(wave equa-
tion), G 4, which is defined by Eq. (14) and by the initial and bound-
ary conditions that follow that equation.

Exploiting the reciprocity theorem [Eq. (72)], one may solve in-
stead the adjoint problem

1 21

ViGh — p aﬂA =8 —y)8(t —1) (C2)

[Vx e R* and Vre(0,00)], with initial conditions Gy (x,0)=
G% (x,0) =0 and boundary condition G7 (x, 1) =o(1) at infinity.
This is a boundary-valueproblemin space and an initial-value prob-
lemintime. (G is the causal responseto an impulsive pointsource.)
Thus, we take the Fourier transform for the space variables and the
Laplace transform for the time variable. Without loss of generality,
we may assume that y =0 and t =0%. Then,
]—"[G’;‘(x, s)] = —1/(k* +s%/c?) [Re(s) > 0] (C3)
where (N?jg (x,s) is the Laplace transform of G’ (x,?), whereas
k= (ky, ky, k3) and k = || k||.
Next, take the inverse Fourier transform of Eq. (C3). Note that for
any function f (k) using spherical coordinates in the k space, with
the axis of symmetry directed along x, we have

1 o0
Flf= P / f (k) exp(ux - k) dV (k)

1 oo ,m/2
=712 / / exp(ekr sina) f (k)k* cos o dor dk
4z J, /2

1
2mr

/ £ (ok sin(kr) dk (C4)
0

(denoting by « the angle between k and a plane normal to x), where
r = |lx|| [Schwartz,'? p. 204, Eq. (V, 3; 26)]. Hence, noting that F G*
is an even function of k, one obtains

o)

o 2 1
G,(x,s) = yEm / ey k exp(ikr) dk (C5)

Using Jordan’s lemma (see Ref. 54) yields

2

1
k wkr) dk C6
4r2r /C k? + 5% /c? exp(ikr) c6)

where k is now a complex variable, whereas C is a counterclockwise
contour in the complex k plane composed of the segment (—R, R)
of the real axis (with R sufficiently large) and of the semicircle in
the upper-halfk plane, centered in the origin and having radius R.
Recalling that [see Eq. (65)] Re(s) > 0, we see that the pole
k = s /c is inside the contour, whereas the pole k = —us /c is outside.

Thus,
-1 _
= — exp<i> (C7
4mr c

G (x,s) =

v kexp(ikr)

G (s) = 21
4 () T k+as/c

k=1s/c

Finally,takingtheinverse Laplacetransformyieldsthe desiredresult
G (x,t)=—8(t —r/c)/4mr. The wave equations is invariant to
both time and space shifts; thus, for y # 0 and t # 07, one obtains

Gix—yt—1)=(=1/4nr)8(t — v —1/c) (C8)

with r = ||x —y||. Equation (C8) implies that the signal due to a
disturbance emanating from the emitting point y at time t arrives
at the receiving point x at time t =r/c >0, in line with causality.
Using the reciprocity theorem, Eq. (C10), yields Eq. (15), which
has anticausal behavior.

Note that the Sommerfeld radiation condition (see Refs. 8 and 9)
has not been used. This is because the Laplace transform implies
Re(s) > 0.If we had been working in the frequency domain (Fourier
transformdomain), we would have had s = 1w, and both poles would
have been on the contour. Then, to get the correct solution, one
has to invoke physics, that is, the Sommerfeld condition, because
mathematics would require the use of the Cauchy principal value,
thereby yielding a physically incorrect solution, the average of the
causal and anticausal fundamental solutions.

Finally, we outline the proofof the reciprocitytheorem, Eq. (C10).
Given an operator L and its adjoint L*, which by definition satisfies
the relationship (Colton and Kress,® p. 17)

(Lu, v) = (u, L*v) Vu, v) (C9)
consider G and G* such that L*G(x,x;)=38(x —x;) and
LG*(x,x,) =38(x —x;). Then, Eq. (C9) implies (LG*, G)—
(G*, L"G) = (8(x —x2), G(x, x1)) — (G"(x,x2), 6(x —x)) =0, 0r

G(xy,x)) = G*(x1,x2) (C10)

This equation states that G may be obtained from G* by interchang-
ing x; with x, (in our case, x and ¢t withy and 7).

C. Quasi-Potential Subsonic Flows

In this subsection, we denote the quantities in the air frame with
the subscripta. Note that the equation for quasi-potential subsonic
flows [Eq. (34)] may be obtained from the wave equation(12), using
the transformation

X, =X — Vl, t, =t (C11)

Thus, Eq. (C11) may be used to obtain the fundamental solution of
Eq. (34) from the acoustics fundamental solution (15), which in the
notations adopted in this subsectionis given by

G, =(—1/4mr)é(t, — 1, +1,/C) (C12)

with e = “xa —Ya “
To perform the transformation, note that, if g(¢) is the argument
of the Dirac delta function, then

/ f(t)S[g(t)]dt=Z/£ éa(g)dgzz[l?ﬂ
o k x z .
(C13)

where 7, are the roots of g(¢#) =0, whereas Z; is the image on the g
line of an infinitesimal neighborhood of ;. The preceding equation
implies

6 —
slg1= Y %
k

In our case, from Egs. (C11) and (C12), we see that g(¢) is given
by

gy =tr—t+lx -y - vt —D)ll/c (C14)

Note that g(z) =0 implies 8262 — 2r-v,.0/c*> — r?/c* =0, where
0=t—t=r,/c>0, M=uvy/c, and B*=1— M? whereas
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r=x—y and r = ||r||. For subsonic flows, this equation has only
one positive root, given by

0= (/B vo/c+r1p) (C15)
where 1§ = (r- v /)’ + p7r?. In addition,
§=1—vy (r+vs0)/cr, (C16)

Note that g coincides with the factor 1 — M, typically used in
aeroacoustics. Recalling that r, =c6 and combining Eqs. (C15)
and (C16), one obtains r, ¢ =r,(1 — M,) =rp. Finally, combining
Egs. (C12-C16) yields Eq. (36).

D. Viscous Compressible Flows

Next, consider the fundamental solution Gyc for viscous com-
pressible flows, which is defined by Eq. (48) and by the initial and
boundary conditions that follow that equation. Equation (48) oc-
curs in the boundary integral formulation for compressible viscous
flows.!0-114! The exact expression of the corresponding fundamen-
tal solutionis givenin Ref. 10, which presents also two approximate
but simpler expressions.For simplicity, we discuss one of these sim-
pler expressions, which allows one to examine the characteristicsof
the solution. Specifically, assuming that v} terms are negligible and
exploiting the reciprocity theorem [Eq. (C10)], we consider instead
the adjoint problem

2
1(29d
VGle — ;(5 - v2V2> Gle =8x—ys@t—7)  (CI7)

where x e R and € (0, 00), with G (x,7) =0 at infinity, and
initial conditions Gy (x,0) =Gy (x,0) =0. Again, this is a
boundary-value problem in space and an initial-value problem in
time. (G’{,C is the causalresponseto a pointsource.) Thus, we take the
Fourier transform for the space variables and the Laplace transform

for the time variable. Without loss of generality, we may assume
thaty =0 and r =0%. Then,

L[Gyetk,n] = —1 / [k2 + (s + mik2)’ / CZ] (C18)

where (A?’{,C(k, t) is the Fourier transform of G3.(x, ), whereas
k=1lkll.
Taking the inverse Laplace transform, one obtains

Gholk, 1) = —cexp(—v,k*t) sin(ker) / k (C19)

(Recall that L[exp(—at) sin(bt)]=b/[(s + a)? + b*].) Taking the
inverse Fourier transform and using Eq. (66), we have

Gcc(xJ‘) =

2m2r

/ exp(—vzkzt) sin(kct) sin(kr) dk (C20)
0

Next, using Euler formula for sin(x) and recalling that

/ exp(—u®)du = ﬁ
0 2

one obtains

/ exp(—czuz) sin(au) sin(bu) du
0

zg{exp[_(“;’)z} _CXP[_(“;C”

and Eq. (C20) reduces to Eq. (49).

e

Appendix D: Boundary Elements

In this section, we briefly address the issue of the numerical ap-
proximation of the boundary integral equations discussed in the
main body of this work. The corresponding methodology is known
as boundary elements (which is the discretized version of boundary
integral equation methods). For the sake of conciseness, only the
approachused by this author and his collaboratorsfor the validation
of the formulation is addressed.

Consider first potential incompressible flows, for which the
boundary integral representation is given by Eq. (8). Let S be
divided into triangular and/or quadrilateral elements, and let ¢ (x)
be approximated by

Np
PE)= Y 9 M;x)

j=1

where M;(x) are suitable interpolation functions discussed at the
end of this Appendix, whereas ¢; = ¢(x;), with x; the interpolation
nodes. A similar expression is used for x(x), with interpolation
functions L (x), not necessarily equal to M (x). This yields

Ng Ng
p@) =Y By + Y. Cixg, (1)
=1 j=1

where

B;(x) = / L;(y)GdS(y)
S

0G
Ci(x) = —/ Mj()’)a— dS(y) (D2)
S ny

Next, consider the discretization of the boundary integral
equation (9). This is based on the so-called collocation method,
which consists of satisfying Eq. (84) at Ny prescribed colloca-
tion points, which here are assumed to coincide with the interpo-

lation nodes x;, k=1, ..., Np. (See comments at the end of this
Appendix.) This yields

1 Ng Ng

%= ; Byx; + ;ij% (D3)

where By; = B;(x;) and C;; = C;(x;). The preceding is a system
of linear algebraic equationsrelating the unknowns ¢; to the values
of x;, known from the boundary condition (3). Once the values of
@; have been obtained, Eq. (D1) gives ¢(x) in the field, as an in-
finitely differentiable function of x; this implies in particular that
one may use derivatives, instead of finite differences, to evaluate v
in the field.

Next, consider the discretization for acoustics (wave equation).
With the earlier process, Eq. (17) with x € Sz and homogeneous
initial conditions is approximated by

Ngp Np
1
Eﬁl’k(t) = Z B xj(t — 6) + chj%(t —6)

j=1 j=1

Np
+ Y Dyt —6y) (D4)

j=1

with By; and Cy; givenby Eq. (D2), and a similar definition for Dy;.
The time discretization is obtained by assuming a linear variation
of ¢;(t) between 7, and 7, . This yields a system of recurrent
difference equations that may be easily solved step by step. The
corresponding equations in the frequency domain are

[ij(s)]{ﬁz’j} = [ij(s)]{)?j} (D5)



1222 MORINO

where
Y(s) = %31(] - (ij + 5Dy;) exp(—s6y;)
Z;(s) = By; exp(—s6y;) (D6)
Next, consider the discretization for quasi-potentialincompress-

ible flows. With the earlier process, Eq. (31) with x, € S is approx-
imated by

1 Np Np Ny
Ewk(f) = Z Bjxi (1) + Z Cijp; () + Z Fin A, (1 = 6c,)
j=1 j=1 n=1

(D7)

where f¢, is the time required for a wake point to be convected
from the trailing edge point xtg, to the wake point xy, . [Usually
Oc, = (Xw, — X1E, )/ V-] AlsO,

Np
Ag, (1) =Y Sy, (1) (D8)

j=1

where §,; is introduced to implement the trailing-edge
condition (30). The time discretizationis similar to that for acous-
tics. If a free-wake analysisis being considered, then the vertices of
the wake elements are displaced by an amount v, At, with v, eval-
uated by taking the gradient of the discretized boundary integral
representation,similar to Eq. (D1). The correspondingequations in
the frequency domain are again given by Eq. (D5), where now

Nw

1
ij(s) = Etskj — ij — ZFkn exp(—s@cn)S,,j

n=1

Zij = By (DY)

Next, considerthe discretizationfor quasi-potentialcompressible
flows. With the earlier process, one obtains

Np
1
Eﬁok(t) = Z Bijx;(t = 6)

j=1

Np Np
+ chj%(t — 0 + Z Dyjo;(t — 6;)

=1 j=1
Nw Nw

+ Z FknA(pn (t - an) + Z Gkn AQD,, (t - an) (Dlo)
n=1 n=1

with Ag, (t) still givenby Eq. (D8). The time discretizationis similar
tothatforacoustics.The equationsin the frequencydomain are again
given by Eq. (D5), where now

1
Yii(s) = 531(] — (Cyj + 5 Dy;) exp(—s6y;)

Nw

- Z(Fkn + SGkn) eXP[_s (an + gcn)]s"j

n=1
Z;(s) = By; exp(—s6y;) (D11)

Finally, the interpolation functions used by the author and his
collaborators fall into two categories. In both cases, the surface
Sp is divided into quadrilateral elements S;, j=1, ..., N. In the
first formulation (zeroth order’? the functions L ;(x)=M;(x) are
assumed to be piecewise constant, that is, ¢ (x) and x (x) are treated
as constant within each element. The elements are approximated
with portions of hyperboloidal paraboloids, that is, linear variation
along the coordinatelines.*? The collocationpoints x; coincide with
the centers of the elements.

In the second formulation (third order?®), the functions L ()
and M (x) are assumed to be piecewise cubic polynomials, that

is, ¢(x) and x (x) have cubic variation within each element; this is
obtained by starting from a two-dimensional Hermite interpolation
and expressing the derivative through suitable finite difference ex-
pressions. The same interpolationis used for the geometry (isopara-
metric elements). The collocation points coincide with the nodes of
the elements.

For quasi-potential flows, this yields a problem at those trailing-
edge nodes with Ag # 0, where there exist two unknowns (¢, and
¢2), but only one collocation point. This problem is overcome by
using, for the same trailing-edge collocation point, two boundary
integral equations, that is, 1) Eq. (8) (used for all of the nodes) and
2) the differentiatedboundary integral equation, that is, the equation
obtained as the limit of the normal derivative of the corresponding
boundary integral representation. (This procedure may be thought
of as the limiting case of using two collocation points slightly ahead
of the trailing edge, an approach previously used by this author.)
Incidentally, for collocation points on the trailing edge, E (x) # %
(Appendix B).

Finally, the third-order formulation allows one to explore the
necessity of imposing additional the trailing-edge conditions, in-
cluding the Kutta condition Ap =0 at the trailing edge. Numerical
evidence? indicates that Eq. (30) is the only trailing-edge condition
required to solve the problem: The Kutta condition appears to be
automatically satisfied.
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